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(1) 4 Yang-Mills heat flow .
(2) $\mathbb{R}^{3}$ Yang-Mills-Higgs heat flow $6^{-}\mathrm{r}\mathrm{e}\mathrm{g}\mathrm{u}\mathrm{l}\mathrm{a}\mathrm{r}\mathrm{i}\mathrm{t}\mathrm{y}$ .




2. 4 Yang-Mills heat flow
$M$ 4 Riemann , $G$ compact Lie group, $P$ $M$
G-principal bundle . , $\mathrm{g}$ $G$ Lie .
Principal bundle $G$ $D$ , $M$ open covering $\{U_{\alpha}\}$ –
, $U_{\alpha}$ $\mathfrak{g}$-valued1-form D , $U_{\alpha}\cap U_{\beta}$ ,
$D_{\alpha}=d+A_{\alpha}$
$A_{\beta}=g_{\alpha\beta}-1dg\alpha\beta+g_{\alpha}-1A\alpha g\beta\alpha\beta$
. , $g_{\alpha\beta}$ : $U_{\alpha}\cap U_{\beta}arrow G$ , U $U_{\beta}$
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, $P$ $D$ , $F_{D}$
$F_{D}=D\circ D$






, $\mathfrak{g}_{- \mathrm{v}\mathrm{a}}1\mathrm{u}\mathrm{e}\mathrm{d}$ p-form norm , fibre $\mathrm{g}$ Killing form
, $M$ Riemann .
Euler-Lagrange equation for Yang-Mills functional
Yang-Mills Euler-Lagrange
(2.1) $d_{D}^{*}F_{D}=0$
. , $d_{D}$ , $D$ , $d_{D}^{*}$ , $d_{D}$ $L^{2}$-norm
formal adjoint operator .
Euler-Lagrange (2.1) $D$ ( $A$ ) 2
. , . (
). Euler-Lagrange Yang-Mills .
Gauge transformation
Gauge $s:Marrow G$ ,
$(_{S^{*}}D)_{\alpha\alpha}=s-1dS+S^{-1}AS$
. Gauge $F_{D}$ norm ,
$\mathrm{Y}\mathrm{M}(s^{*}D)=\mathrm{Y}\mathrm{M}(D)$
. , $D$ Yang-Mills , $s^{*}D$ Yang-Mills
.
(2.1) gauge .
, gauge , (2.1) .
Yang-Mills heat flow
Yang-Mills heat flow , Yang-Mills gradient flow ,
(22) $\partial_{tD}D=-d^{*}F_{D}$
.








. , , $F_{D}$ $L^{2_{-\mathrm{n}\mathrm{o}}}\mathrm{r}\mathrm{m}$ concentrate
. (cf. Theorem 2.1). ,
. , ( ) .
(cf. Theorem 23, Definition 22).
Yang-Mills heat flow
, .
Yang-Mills heat flow gradient flow ,




Yang-Mills heat flow , ,
Bochner-type . $D$ (2.2) ,
$\partial_{t}|F_{D}|\leq\triangle|F_{D}|+C|F_{D}|^{2}+C|F_{D}|$
. , $C$ $M$ geometry .
$M$ , ,
, .
$\bullet$ $\dim M=4$ (2.2) critical nonlinearity .
$\bullet$ $\dim M\geq 5$ (2.2) super critical nonlinearity .
Yang-Mills heat flow




, $\Omega_{\pm}^{2}(\emptyset P)$ Hodge $*$-operator ,
$\Omega_{\mathrm{x}}^{2}|(\mathfrak{g}_{P}):=\{\omega\in\Omega^{2}(\mathrm{g}P) : \omega=\pm*\omega\}$
. , $\Omega^{2}(\mathfrak{g}_{p})$ , $*^{2}=\mathrm{i}\mathrm{d}$ .
,
$\mathrm{Y}\mathrm{M}(D)=\frac{1}{2}\int_{M}|F_{D}\pm*F_{D}|^{2}dV\pm\int_{M}\langle F_{D}, *F_{D}\rangle dV$
. , $P$ first Pontrjagin number $p_{1}(P)$ ,
$\int_{M}\langle F_{D}, *F_{D}\rangle dV=2\pi^{2}p1(P)$
. , $p_{1}(P)$. .
.
$\bullet$ $F_{D}=\pm*F_{D}$ $D$ Yang-Mills . energy minimizing
. ( ) .
$\bullet$ (2.2) , $p_{1}(P)$ . ,
bundle .
$\bullet$ $P$ , Yang-Mills $2\pi^{2}|P1(P)|$ .
, $D(0)$ , $\mathrm{Y}\mathrm{M}(D(0))\leq\epsilon$ ( ) small








Theorem 21. $D$ $M\mathrm{x}(0,T)$ (2.2) . , $M$
$\epsilon_{1}>0$ , $x$ , $r>0$
(2.3) $\lim_{t\uparrow}\sup_{T}\int_{B_{r}(x)}|F_{D}|^{2}dV\leq \mathcal{E}_{1}$
, $D$ $T$ .
, (2.2) , (2.3)
.
, (2.2) weak solution , weak solution
. (2.2) G-principal bundle section
( adjoint bundle section ) ,
15
bundle . (
, bundle $p_{1}$ ). , weak solution
.
Definition 22.
(1) $D(t)$ $M\cross[T_{1}, T_{2}]$ , $t=T_{1}$ $D(T_{1})=$
$D_{1}$ (2.2) weak solution , .
$\bullet$ $D(t)$ $[T_{1}, T_{2}]$ bundle $P$ .
$\bullet$ $D(t)$ $\Phi\in C^{\infty}.([T1, \tau_{2})\cross M,$ $\Omega 1(\mathrm{g}P)),$ $\Phi(T_{2})=0$ ,
.
$\int_{T_{1}}^{T_{2}}\int_{M}\langle D, \partial_{t}\Phi\rangle-\langle F_{D}, d_{D}\Phi\rangle dVdt=\int_{M}\langle D_{1}, \Phi(T1)\rangle dV$.
$\bullet$ $D(t)\in L^{2}(T1, T2;W^{1,2})$ .
$\bullet\sup_{T.\swarrow\star/\tau_{-}}\int_{M}|F_{D}(t)|2dV<\infty$ . $\cdot$
(2) $D(t)$ $M\mathrm{x}(0, \infty)$ , $t=0$ $D(\mathrm{O})=$
$D_{1}$ (2.2) weak solution , .
$P_{1}=P$ G-principal bundle $\{P_{i}\}_{i^{+1}}^{L}=1’ t_{0}=0,$ $t_{L+1}=\infty$
$\{t_{i}\}_{i=0}^{L}+1,$ $t_{i}<t_{i+1}$ , $D(t)$ $M\cross[t_{i}, t_{i+1}]$
$D(t_{i})$ weak solution , $D(t)$ $[t_{i}, t_{i+1}]$
. , $t\mapsto \mathrm{Y}\mathrm{M}(D(t))$ $L^{2}(0, \infty)$ .
, (2.2) .
Theorem 2.3. $D^{0}\in W^{1,2}$ , $D^{0}$ $M\cross(0, \infty)$
(2.2) weak solution , .
(1) $\{t_{i}\}_{i=0}^{L1}+,$ $t_{0}=0,$ $t_{L+1}=\infty$ , $\{P_{i}\}_{i}^{L}=1+1,$ $P_{1}=P$
G-principal bundle , $D(t)$ $(t_{i}, t_{i+1})$
.
(2) $i$ , $M$ $\{x_{i}\}$ , $D(t_{i})\#\mathrm{h}P_{i}|_{M\backslash \{x_{i_{j}}\}}=$
$P_{i+1}|_{M\backslash \{x_{i+1_{j}}}\}$ .
(3) $t-\succ \mathrm{Y}\mathrm{M}(D(t))$ $L^{2}(0, \infty)$ .
(4) G-principal bundle $\eta(P_{i})$ $i$ – .
, $G$ universal covering $\tilde{G},$ $\pi:\tilde{G}arrow G$ projection , $G$
$e$ , $K:=\pi^{-1}(e)$ . , $\eta(P)$ $\eta(P)\in H^{2}(M, K)$
, $G=U(n)$ $\eta(P)=c_{1}(P)\in H^{2}(M, \mathbb{Z}):P$ first Chern class
.
, $c_{1}(P)$ , - $p_{1}(P)$
, .
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3. $\mathbb{R}^{3}$ $\mathrm{Y}\mathrm{a}\mathrm{n}\mathrm{g}-\mathrm{M}\mathrm{i}\mathrm{l}\mathrm{l}\mathrm{s}$ -Higgs heat flow
. , $\mathbb{R}^{3}$ $SU(2)- \mathrm{Y}\mathrm{a}\mathrm{n}\mathrm{g}$-Mills-Higgs heat flow $\epsilon$-regularity
. , $G=sU(2),$ $\mathrm{g}=\epsilon \mathrm{u}(2)$ .
bundle $P=\mathbb{R}^{3}\cross SU(2)$ . $\mathbb{R}^{3}$ , $P$
$\epsilon \mathrm{u}(2)$ -valued l-form , $P$ $A$ . , $\Phi$ zu(2)-valued
$0$-form, , $\Phi:\mathbb{R}^{3}arrow\epsilon\tau\iota(2)$ . , $SU(2)\cong S^{3},$ $z\mathrm{u}(2)\cong \mathbb{R}3$
.
, $P$ Yang-Mills-Higgs ,
$\mathrm{Y}\mathrm{M}\mathrm{H}(A, \Phi)=\frac{1}{2}\int_{\mathbb{R}^{3}}|F_{A}|^{2}+|d_{A}\Phi|^{2}dV$
1. , $|\Phi|$
. , $|\Phi|$ scaling
, .
$C= \{(A, \Phi) : \mathrm{Y}\mathrm{M}\mathrm{H}(A, \Phi)<\infty,\lim_{|x|arrow\infty}\sup|1-|\Phi(_{X)}||=0\}$.





. , $\triangle_{A}$ $d_{A},$ $d_{A}^{*}$ Hodge Laplacian
$
Yang-Mills , Euler-Lagrange (3.1) $A,$ $\Phi$ 2
. Yang-Mills-Higgs gauge
, (3.1) 1 . , $0$-form ,
$d_{A}^{*}\Phi=0$ , 2 . Euler-Lagrange (3.1)
$(A, \Phi)$ Yang-Mills-Higgs configuration .
Gauge transformation
Yang-Mills-Higgs gauge . Yang-Mills
, gauge $s:\mathbb{R}^{3}arrow SU(2)$ , $(A, \Phi)$ Yang-Mills-Higgs
configuration , $(s^{*}A, s^{*}\Phi)$ Yang-Mills-Higgs configuration .

















, Yang-Mills-Higgs heat flow , , Yang-Mills heat flow
. , , Yang-Mills




Mills-Higgs heat flow gradient flow ,




$\mathrm{Y}\mathrm{a}\mathrm{n}\mathrm{g}- \mathrm{M}\mathrm{i}\mathrm{l}\mathrm{l}\mathrm{s}$-Higgs heat flow , ,








. $\Psi$ $\Psi=(F_{A}, *d_{A}\Phi)$ .
1 , $|\Phi|$ $T>0$ , $\mathbb{R}^{3}\cross(0, T)$
. , Moser , $\mathbb{R}^{3}$
, , (3.2) $\mathbb{R}^{3}$





4 Yang-Mills , $\mathbb{R}^{3}$ Yang-Mills-Higgs
, .
$\mathrm{Y}\mathrm{M}\mathrm{H}(A, \Phi)=\frac{1}{2}\int_{\mathbb{R}^{3}}|F_{A}\pm*d_{A}\Phi|^{2}dV\pm\int_{\mathbb{R}^{3}}F_{A}\wedge d_{A}\Phi$ .
. , $C$ 2 ,
$N(A, \Phi)=\frac{1}{4\pi}\int_{\mathrm{R}^{3}}F_{A}\wedge d_{A}\Phi\in \mathbb{Z}$
. (cf. Groisser [1]). , $N(A, \Phi)$ . , $|x|arrow\infty$
, $|\Phi|arrow 1,$ $\mathfrak{s}\mathrm{t}\downarrow(2)\cong \mathbb{R}3$ ,
$\hat{\Phi}(\omega)=\lim_{rarrow\infty}\frac{\Phi(r,\omega)}{|\Phi(r,\omega)|}$ , $\omega\in S^{2}$
well defined , $\hat{\Phi}$ : $S^{2}arrow S^{2}$ . $\hat{\Phi}$ ,
$N(A, \Phi)=-\deg(\hat{\Phi})$
3. , $N:Carrow \mathbb{Z}$ $C$ path connected component
.
, .
$\bullet$ $F_{A}=\pm*d_{A}\Phi$ $(A, \Phi)$ Yang-Mills-Higgs configuration .
energy minimizing configuration ( ) monopole
. .
$l$
$\bullet$ $(A, \Phi)$ $C$ , $N(A, \Phi)$ \tau ‘ . $\cdot$
, $N(A, \Phi)$ .
:




Theorem 3.1 (Hassel [2]). $(A_{0}, \Phi_{0})\in C$ (3.2) $\mathbb{R}^{3}\cross$
$(0, \infty)$ . , $\epsilon>0$ , $(A_{0}, \Phi_{0})\in$
$C$ , $||B_{\mathit{0}}||_{L}2<\in,$ $||B_{0}||LS<C,$ $1<S< \frac{3}{2}$ $tarrow\infty$ , $B(t)arrow 0$
. , $B=F_{A}-*d_{A}\Phi$ .
, Theorem 3.1 , $\mathbb{R}^{3}$
,
. , .
Definition 3.2. (3.2) $(A, \Phi)$ $(0, T]$ extendable ,
$t\in(0, T]$ , gauge smooth famdy $g(t)$ , $g^{*}A$
$s_{\infty}$ extend .
, $s_{\infty}$ , $\mathbb{R}^{3}$ ( $S^{2}$ ) . ,
$(A, \Phi)$ extendable , $N(A, \Phi)$ – .
Theorem 33. $(A, \Phi)$ $\mathbb{R}^{3}\cross(0, T]$ (3.2) . , $\epsilon_{1}>0$
, $t\in(0, T],$ $\omega\in S^{2}$ , $\tau>0$
(3.3) $\lim_{rarrow}\inf_{\infty}\mathrm{f}$ $\int_{B_{\tau}()}\omega(r^{2}(|F_{A}(t, r, \omega)|+|d_{A}\Phi t, r, \omega)|)d\omega\leq\in_{1}$
, $(A, \Phi)$ $(0, T]$ exiendable solution .
, (3.2) extendable , (3.3)
. , (3.2) weak
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